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Introduction

In 1924, J. B. S. Haldane published the first of a series of 10 papers with the main title, “A Mathe-
matical Theory of Artificial and Natural Selection” [4]. He expressed his motivation in the very first
sentence of the first paper: “A satisfactory theory of natural selection must be quantitative” [4, pg.
19]. From the start, Haldane challenged an opinion, common in 1924, that Mendelian genetics and
evolution by natural selection were incompatible. That opinion presumed that mutation could yield
only large, immediate changes in phenotype, which contradicts Darwin’s notion of gradual change via
selection. This idea, called “mutationism,” is not just an argument about tempo. In its more extreme
(and earlier) forms, it argued against selection as the mode, envisioning evolution via a type of drift
involving only large phenotypic changes.

For example, it was well known in 1924 that peppered moths (Biston betularia) around Manchester,
England had been predominantly light in color in 1848, but were almost all dark 50 years later. The
mutationists argued that this change was caused by a single mutation, perhaps occurring in more than
one individual, but was essentially independent of selection.

The idea of mutationism follows from Mendel’s discovery of particulate inheritance. Since traits
are linked to discrete genes, changes in genes would presumably cause discrete changes in phenotype.
Therefore, evolution should be saltational—that is, it should occur in jumps. (This is a different notion
than modern saltational evolution à la Eldredge and Gould [2].) Since mutations are discrete, how
could evolution be continuous and gradual?1

This was the logic that Haldane challenged. He wrote,

“In order to establish the view that natural selection is capable of accounting for the known
facts of evolution, we must show not only that it can cause a species to change, but that it
can cause it to change at a rate which will account for present and past transmutations”
[4, pg. 19].

From the modern viewpoint, Haldane here takes up the task of reconciling Darwin’s notion of natural
selection with Mendel’s of particulate inheritance, making this paper one of the key primary sources
of the Modern Synthesis. He develops mathematical models of evolution which incorporate discrete
mutations but show that evolution in populations can still be gradual. In the process he establishes
the foundations of modern evolutionary modeling. In this essay we will analyze Haldane’s simplest
models using modern dynamical systems theory.

1Keep in mind that at this time molecular genetic mechanisms were completely mysterious, and experiments has
shown that phenotypes can, indeed, undergo massive change in a single generation. Offspring expressing the distinctly
new phenotypes were called “sports.”
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Origin of the selection coefficient

The selection coefficient concept, familiar to any university student who has taken evolution or popu-
lation genetics, traces its history back to this line of the paper:

“If a generation of zygotes immediately after fertilization consists of two phenotypes A
and B in the ratio pA:1B, and the proportion which forms fertile unions [i.e., survives to
reproduce] is pA:(1− k)B, we shall describe k as the coefficient of selection” [4, pg. 20].

Here, as elsewhere, Haldane approaches the problem slightly differently than we do today. Modern
introductory texts tend to use p and q (= 1 − p) to represent allele frequencies for a single-gene,
diallelic trait. Haldane, in contrast, writes his models in terms of phenotypic ratios. If we equate the
phenotype with a single, diallelic gene, then Haldane’s p is our p/q. Haldane allows the possibility that
recruitment2 of B could be greater than that of A, in which case k would be negative. The selection
coefficient defined by Haldane is essentially identical to the modern concept, although authors today
often use different notation.

Natural selection in asexually reproducing populations

Haldane begins modeling in the simplest nontrivial context. Consider a large population of monoploid
individuals that breed true with respect to a given trait. (In Haldane’s terminology, there is no
amphimixis, which is an old-fashioned term meaning sexual reproduction involving gametes from
two different organisms.) The trait can take on one of two unambiguous phenotypes, A or B, in a
given individual. Finally, we limit the model to species with non-overlapping generations. Let pn,
n ∈ {0, 1, . . .}, be the proportion of the population with phenotype A in generation n. Also, let Nn

be the population size in generation n, while λ is a positive constant representing the number of
offspring per female. Selection acts somewhere between birth and recruitment, and it affects fitness of
B-individuals. If the phenotypic ratio at birth is p : 1, then at the time of reproduction it’s p : 1− k.
(Note: different assumptions can generate the same formalism.)

Our motivating interest here is to predict future phenotypic frequencies given the current frequen-
cies and the selection coefficient. In other words, we seek an expression for pn at all n involving
only the starting proportion p0 and k. The number of A-offspring recruited into the first (offspring)
generation is λp0N0, whereas the number of B recruits is (1− k)λp0N0. Therefore,

p1 =
λp0N0

λp0N0 + (1− k)λp0N0
=

p0

p0 + (1− k)(1− p0)
. (1)

Generally, then,

pn+1 =
pn

pn + (1− k)(1− pn)
=

p0

(p0+(1−k)n(1−p0))

p0

(p0+(1−k)n(1−p0)) + (1− k)
(

1− p0

(p0+(1−k)n(1−p0))

) (2a)

=
p0

p0 + (1− k)n+1(1− p0)
. (2b)

Therefore, by induction we have the solution to our model:

pn =
p0

p0 + (1− k)n(1− p0)
. (3)

2Recruitment here refers to successful entry into the reproductive population.
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The motivation just given is typically how it’s done in modern texts but differs from Haldane’s
approach. Since he focused on the ratio of A:B, he started with

un =
pn

1− pn
.

Substituting yn = 1− pn gives us (after a little algebra),

yn =
1

1 + un
,

from which Haldane arrives at an expression essentially identical to equation (3) but from the per-
spective of the phenotype under selection (B); that is,

yn =
y0

y0 + (1− k)−n(1− y0)
. (4)

Although the solution is exact, just staring at it doesn’t give a lot of insight. Haldane noted that
for really small k, his solution for the case in which p0 = 1/2,

yn =
1

1 + (1− k)−n
≈ 1

1 + ekn
, (5)

the approximation being a well-understood function. This is a nice observation, but with modern
dynamical systems theory (which Haldane didn’t have) we can do much better. First, in focusing on
the variable p instead of u, we make the phase space compact. Our model’s phase space is simply
the interval [0, 1], whereas Haldane’s is R+. (If one wishes to quibble, since Haldane’s u is a ratio of
number of organisms, it must be rational. However, we lose nothing and gain much if we let it vary
over the positive reals.) Also, our variable can allow either phenotype to become zero, which is not
true of Haldane’s—we would have a hard time defining the ratio if there were no individuals of type
B. (Simply saying the ratio is infinity is ambiguous at best.) So, for these reasons we focus on the
model defined by equation (2), and in fact we will largely ignore solution (3).

Assume that 0 < k < 1. (If it were 0, then we simply have equilibrium; if it were 1, then all
B-individuals die in a single generation.) From relation (2a) one can express the return map as

pn+1 =
pn

1− k(1− pn)
=: f(pn), pn ∈ [0, 1]. (6)

The endpoints, f(0) = 0 and f(1) = 1, are the only fixed points. To evaluate their stability, one can
compute

df
dp

=
1− k

(1− k(1− p))2
. (7)

Note that
f ′(0) =

1
1− k

> 1, (8)

since 0 < k < 1. Therefore, by the linear stability theorem for maps (see e.g., [5, Thm 3.8, pg.73]),
the p = 0 fixed point (no A-individuals) is unstable. At the other boundary,

f ′(1) = 1− k ∈ (0, 1); (9)

therefore, the p = 1 equilibrium (the population has all A-individuals) is locally asymptotically stable,
and since there are no other fixed points, it is also globally asymptotically stable. (It’s also clear that
the interval [0, 1] is positively invariant—one never leaves it—since f is monotonically increasing with

3



0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

Time (generations)

Pr
op

or
tio

n 
of

 A
!i

nd
iv

id
ua

ls

0 5 10 15 20
0

0.2

0.4

0.6

0.8

1

Time (generations)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

pn

p n+
1

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

pn

p n+
1

(A) (B)

(C) (D)

Figure 1: Solutions ((A) and (B)) and cobweb plots ((C) and (D)) of Haldane’s null model. (A) and
(C): k = 0.5. (B) and (D): k = 0.8. In all cases, p0 = 0.01.

a maximum at the right-hand boundary.) Biologically, regardless of the specific value of k (within
its domain of definition), if the population starts with at least some A-individuals, no matter how
few, eventually the population will end up all A-individuals (asymptotically). The dynamics can be
easily visualized on a cobweb graph of the return map (Fig. 1). Since f is concave, solutions have
a generally sigmoidal shape. The role of k is also clear. As k → 0, f(p) approaches the identity
line and therefore something analogous to the Hardy-Weinberg equilibrium. So, evolution will proceed
(A-individuals will become more common or, if you prefer, the allele causing phenotype A will increase
in frequency) very slowly. On the other hand, as k → 1, f ′(0) becomes arbitrarily large while f ′(1)
becomes arbitrarily flat. So increasing k increases the concavity of f , and evolution proceeds more
rapidly (Fig. 1). The punch line is that two discrete traits evolve essentially smoothly in an asexually
reproducing population, in contradiction to the mutationist claim. Now the question turns to this: is
the same true for sexually reproducing populations?

Natural selection on a simple Mendelian trait

To model sexually reproducing populations of diploid organisms, one needs to be more explicit about
the relationship between phenotype and genotype. In the simplest case, we imagine a trait with two
phenotypes, A and B, that exhibit a simple Mendelian genetic pattern. That is, the trait is determined
by a single, diallelic gene. One allele codes for the A phenotype, the other for B, and A is dominant.
As above, we assume random mating, non-overlapping generations and selection acting between birth
and breeding. We also assume that selection acts equally in both sexes, and allele frequencies are
equal in both sexes.

In this model, Haldane assumes that selection acts either positively or negatively on the recessive
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Table 1: Mating frequencies and offspring genotypes in Haldane’s basic Mendelian selection model.

Mating Frequency Offspring genotypes
AA×AA u4

0 all AA
AA×Aa 4u3

0
1
2AA+ 1

2Aa

AA× aa 2(1− k)u2
0 all aa

Aa×Aa 4u2
0

1
4AA+ 1

2Aa+ 1
4aa

Aa× aa 4(1− k)u0
1
2Aa+ 1

2aa

aa× aa (1− k)2 all aa

phenotype. Again, let k be the selection coefficient, and assume that for every A-individual recruited
into the breeding population, 1 − k recessives are. If k = 1, then all recessives born in a given year
die, so k cannot exceed 1. However, Haldane allows k to be negative, implying the recessive is favored.
In that case, any number of recessives can be recruited per dominant recruit, so −∞ < k ≤ 1. In
all following arguments we will usually assume that k 6= 1 since that case leads to Hardy-Weinberg
equilibrium.

As above, Haldane defines the allele frequencies a little differently than we tend to. He expresses
allele frequencies in generation n as the ratio un : 1. Therefore, Haldane’s un is our pn/qn, where pn

is the frequency of the dominant allele in generation n, and qn = 1− pn is the frequency of recessives.
Haldane therefore implicitly adopts the assumption that pn < 1, whereas this is not necessary in the
modern approach.

If there were no selection, then the population would be at Hardy-Weinberg equilibrium, and the
genotype frequencies would be, in Haldane’s notation,

u2(AA) : 2u(Aa) : 1(aa), (10)

where A and a represent the dominant and recessive alleles, respectively. So let’s assume that these are
our initial genotype frequencies (in generation 0). Since mating is random and recessives have fitness
1− k relative to dominants, the genotype frequencies in generation 1 are obtained by expanding

(u2
0 + 2u0 + (1− k))2. (11)

Approaching the problem with brute force, we expand the trinomial to show frequencies of all possible
breedings and then partition out the resulting genotypes among the offspring (Table 1). For example,
the frequency of AA in the next generation would be

u4
0 + 2u3

0 + u2
0 = u2

0(u0 + 1)2.

Proceeding like this we get the following genotype frequencies in the next generation:

AA : u2
0(u0 + 1)2,

Aa : 2u0(u0 + 1)(u0 + (1− k)),

aa : (u0 + (1− k))2,

5



or

AA :
(
u0(u0 + 1)
u0 + (1− k)

)2

, (12a)

Aa : 2
u0(u0 + 1)
u0 + (1− k)

, (12b)

aa : 1 (12c)

From here it is clear that we can generalize to obtain Haldane’s model:

un+1 =
un(un + 1)
un + (1− k)

, n ∈ {0, 1, . . .}. (13)

Note that, if k = 0 then we are in Hardy-Weinberg equilibrium; i.e., un+1 = un for all n.
The modern approach is again similar, but has certain advantages. As above, let Nn be the size

of the reproductive population in year n, and assume there are λ offspring born, but not necessarily
recruited, for every reproductive adult. The mean fitness of the population in generation n—denoted
w̄n—would be

w̄n =
# of AA recruits + # of Aa recruits + # of aa recruits

Total # offspring born
(14a)

=
λNnp

2
n + 2λNnpnqn + λNn(1− k)q2n

λNn
(14b)

= p2
n + 2pnqn + (1− k)q2n (14c)

= (pn + qn)2 − kq2n (14d)

= 1− k(1− pn)2, (14e)

with pn and qn taking their definitions of allele frequencies. From the numerator of expression (14b)
it’s not hard to see that

frequency AA in generation n+ 1 =
p2

n

w̄n
, (15a)

frequency Aa in generation n+ 1 =
2pnqn
w̄n

, (15b)

frequency aa in generation n+ 1 =
(1− k)q2n

w̄n
, (15c)

which gives us the Haldane-Fisher-Wright selection model from modern textbooks. From here we get
an expression analogous to Haldane’s:

pn+1 =
p2

n

w̄n
+
pnqn
w̄n

=
p2

n + pn(1− pn)
w̄n

(16a)

=
pn

1− k(1− pn)2
. (16b)
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Figure 2: Solutions [(A) and (C)] and cobweb plots [(B) and (D)] of Haldane’s simple Mendelian
selection model where selection acts only on the recessive phenotype. In (A) and (B), recessives are
selected against: k = 0.9 and p0 = 0.01. In (C) and (D), dominants are selected against: k = −10,
p0 = 0.99.

In fact, the two models are identical, since

un+1 =
pn+1

1− pn+1
=

(p2
n + 2pnqn)/w̄n

((1− k)q2n + pnqn)/w̄n
(17a)

=
pn

qn
· pn + qn
pn + (1− k)qn

(17b)

=
pn

qn
· pn/qn + 1
pn/qn + (1− k)

(17c)

=
un(un + 1)
un + 1− k

. (17d)

Model (16), with −∞ < k < 1, k 6= 0, has only two fixed points: 0 and 1. By definition, a fixed
point, p̂, must satisfy

p̂ =
p̂

1− k(1− p̂)2
. (18)

Clearly, p̂ = 0 is one root, and any other requires k(1 − p)2 = 0 ⇔ p = 1 since we assume k 6= 0.
The recessive-extinction fixed point (p̂ = 1) is globally asymptotically stable if k > 0 and unstable if
k < 0 (Fig. 2). Not surprisingly, p̂ = 0 (extinction of the dominant allele) is stable or unstable if k < 0
or k > 0, respectively (Fig. 2). The mathematical argument is straightforward—in rough outline,
the model defines a monotone map (see [5, Lemma 3.14, pg. 82]) that generates a strictly increasing
(k > 0) or decreasing (k < 0) sequence that must converge to a fixed point for any initial condition
that is not itself one of the two fixed points. (For completeness, if k = 0, then the entire identity line
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from 0 to 1 is a set of fixed points, all of which are neutrally stable sensu [3, pg. 4]. This is the famous
Hardy-Weinberg situation.)

For someone not motivated by mathematics, little more than a glance at Figures 1 and 2 is needed
to see how diploidy affects selection. The return map in the diploid case is asymmetrical, with a
“bulge” close to p̂ = 0 (extinction of the dominant allele; compare Figs. 1, C & D and 2, B &
D). If the dominant allele is rare, then a higher proportion of recessive alleles are segregated into
homozygous recessive individuals and are therefore exposed to selection (as opposed to heterozygotes,
where recessive alleles are “hidden.”) For example, when if k = 0.9 and pn = 0.1, then by relations
(14) and (15), about 30% of the population is homozygous recessive and therefore exposed to selection.
But if pn = 0.9, only 0.1% of the population is exposed to direct selection. Therefore, evolution tends
to proceed most rapidly when p is small.

Using this simple approach, Haldane has already made his main point—selection acting on Mendelian
genes can generate gradual evolutionary change that accords with observation. And these models form
the foundation of the modern theory of selection as expressed in population genetics. (Alternative
theories of selection include quantitative genetics, which focusses on “quantitative traits” that vary
essentially continuously, and adaptive dynamics, which focusses on phenotypes [1, pg. 280–281]. All
three are compatible with each other.) Nevertheless, this is only a small part of the first paper. Hal-
dane contributed much more to the foundations of population genetics. But this introduction shows
his main points in a more modern way and hints at how the model was developed by subsequent
authors.
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