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1 Introduction

Polar bears (Ursus maritimus) migrate entirely around the arctic circle every year. They often
hunt on the ice covering the Arctic Ocean, and their primary food source is seals, particularly
ringed seals (Pusa hispida). Polar bears are accomplished swimmers, but they cannot hunt
efficiently while swimming. In the last decade, sea ice in the Arctic Ocean has declined greatly
in the summers, to the point where the North Pole is expected to be completely ice free in the
summers of the near future. How will this affect polar bear populations? Below is a model to
explore this question. Also, loss of ice is expected to affect seal reproduction, but it’s unclear
how—it is difficult to predict if more or fewer pups will be born per female per year. Finally,
loss of ice habitat is expected to affect polar bear reproduction, since females den in the snow
to give birth and raise the cubs to the point where they can protect themselves against the
elements and aggressive male bears.

2 Model

Let S(t) and B(t) be the number of seals and polar bears at time t ∈ [0,∞), respectively. Let
r be per capita births minus natural (non-predation) deaths (λ− µ in the introductory model)
and K = (λ−µ)/c be the carrying capacity for seals, scaled such that K is the carrying capacity
per hectare. Furthermore, let a be the maximum proportion of seals that bears can kill, ks be
a measure of bear hunting efficiency (smaller ks → better efficiency) and γ be the amount of
offspring produced per capita by bears for every seal eaten. Finally, let δ be the probability a
bear dies in a year. Then the model of bear-seal dynamics you will study takes the following
form:
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3 Initial parameterization

Parameter Meaning Initial value

r Seal intrinsic rate of increase 2.7
K Seal carrying capacity 1000
a Maximum bear kill proportion 0.8
ks Bear hunting efficiency 65
γ Seal-to-bear conversion rate 0.17
δ Bear death probability 0.15
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4 Model Analysis

Here is a suggested outline for your analysis of this model:

1. Completely analyze the case in which there are no bears (B(0) = 0). Find the equilibria
(fixed points) and analyze their stability using the stability theorem from the introductory
exercise.

2. Code the model in MatLab using the parameters lised above. Set your initial number of
seals and bears at 1 and 0, respectively. (These numbers are scalled in 100s, so 1 means
100 per hectare.) Run the model to see how it behaves.

3. Begin to vary the parameters. Check the computer output against the mathematics from
the first step in the analysis. Make sure they completely agree before continuing.

4. Return the parameters back to their defaults. Keep the initial number of seals (L(0)) the
same, but now set B(0) = 0.5. (This is also scaled in 100s, so 0.5 is 50 foxes.) Run the
model and compare this result to that when there were no bears. How do bears affect the
dynamics of the seal population?

5. Come up with at least 3 different scenarios in which environmental change could affect
parameters. Be specific. That is, in each scenario, suggest what the environmental
change is, what parameter it affects and how the parameter is affected (is it increased or
decreased?). Explore those scenarios in MatLab.

6. Play with the model and have fun. Try new things. Learn as much as you can about the
model and its behavior.
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